positive/negative market return shocks which include the leverage effect (Charles and Darne 2014) , risk premium (Dendramis et al. 2014 ) and even financial crisis (Klose 2014) . Ignoring the presence of structural breaks may cause serious misleading statistical results such as incorrect descriptive statistics, erroneous hypothesis inferences, unreliable forecasts, just to mention a few.
There are two approaches to deal with the structural break in financial time series. First, is to use robust-jump volatility estimators and secondly is to embrace the structural break feature in the econometric models. Firstly, one may select volatility estimators which are robust to abrupt jumps. Barndorff-Nielsen and Shephard (2004) introduced the multipower variation (MPV) volatility with the cumulative sum of products of most adjacent absolute returns. The MPV is robust to jumps because the product of consecutive returns has a smaller impact of jump after the averaging processes. However, the MPV is still sensitive and bias to the presence of very small returns. Recently, Andersen et al. (2012) have introduced two jump-robust estimators using the nearest neighbor truncation (NNT) approach to battle this issue. The first volatility estimator, minimum realized volatility (minRV) is constructed by scaling the square of the minimum of two consecutive absolute returns. With the presence of jump during an interval, the minRV will eliminate it and compute based on the adjacent diffusive returns. Again, minRV is also sensitive to very small returns and leads to efficiency issue. Consequently, to improve the robustness to jump, the median realized volatility (medRV) uses the median operator to square the median of three consecutive absolute returns. In other words, the minimum and median operators intended to eliminate the extreme noise of volatility. In short, one may use the high frequency MPV and NNT estimators to deal with structural break in the volatility representative. For the second remedy, one may use the econometric models that directly deal with structural breaks. These include jump stochastic volatility model (Dendramis et al. 2015) , HAR-jump (Andersen et al. 2007 ), HAR-regime smooth transition (McAleer and Medeiros 2008) and Markov-switching ARFIMAX (Martens et al. 2009) .
In this study, we include both the aforementioned methods in the standard heterogeneous autoregressive (HAR) proposed by Corsi et al. (2008) . This model assumes that the financial markets consist of heterogeneous market participants with short (noise traders and speculators), medium (portfolio managers and hedge fund managers) and long (long term portfolio managers and pension fund managers) trading horizon investments. It is in accordance with the concept of heterogeneous market hypothesis (HMH) recommended by Muller et al. (1993) and Dacorogna et al. (2001) where the informationally market efficiency is explained under the assumption of heterogeneous market participants. One of the interesting statistical properties of HAR is the long memory volatility which created by the cascades of different investment horizon activities. Another interesting phenomenon of finance which can be explained by the HMH is on how the market liquidity is formed. Under the HAR framework, the time-varying market liquidity can be captured according to the dominant investment horizons. The trading among heterogeneity market participants with different views on the same security's value is the key to form a liquid market. In normal market conditions, the short investment horizons investors focus on technical analysis whereas long investment horizons investors judge from the fundamental information for a same security. For instance, a negative inflowing news may be an indicator of selling for short horizon investors, but might be a buying opportunity for long horizon investor, and vice versa. If there are sufficient buying and selling among these investors, the financial market can be considered under an equilibrium or stable condition. However during economic crisis (e.g. Subprime mortgage crisis), the structure of equilibrium is disturbed where long horizon investors are either quit or become short horizon investors. Great selling activities by short horizon investors (due to exogenous event) has caused drastic drop in prices. These unusual plunges have negative impact for the economy prospects and long horizon investors has doubt the validity of their view of the economic fundamentals. Consequently, they might quit or to join on overwhelmingly short horizon market dynamics. In short, the long memory property in HAR is diminished when a financial turmoil hits the market. In addition, the partial removal of long horizon investors has also caused the market become less liquid as the structure of heterogeneity is no longer exist.
In this study, we propose to combine both the robust-jump volatility estimator and structural break heterogeneous autoregressive (HAR) models to battle the structural break in stock market volatility modelling. The selected volatility estimators are based on the nearest neighbor truncation (NNT) approach namely the median (medRV) and minimum (minRV) realized volatility. For structural break HAR model, we firstly identify the multi-break points using the Bai and Perron (2003) approach and then embrace them in the standard HAR using dummy variables. In addition, the HAR model is equipped with other stylized fact features such as volatility clustering and fat-tailed property. It is worth noting that the proposed method in this study is somewhat different from the well-known approaches by Andersen et al. (2007) , Corsi and Renò (2012) and Patton and Sheppard (2011) where the HAR volatility components are decomposed into continuous sample path variation and discontinuous break variation. As a comparison with the standard realized volatility, the modified HAR model provides better in-sample as well as out-of-sample forecast evaluations. This study aims to add the empirical literature of high frequency volatility analysis by using modified HAR models and robust-jump volatility estimators. The remaining of this study is organized as follows: "Methods" section provides the description of modified HAR model specification, estimation, diagnostic and forecast evaluations; "Result and discussion" section discusses the empirical data and results and finally, "Summary and conclusion" section concludes the findings of this study.
Methods

High frequency volatility formulations
Integrated volatility estimation based on high frequency data is commonly used to measure the latent volatility. Let's consider a stochastic volatility process for logarithmic prices of an asset, dp(t) = μ(t)dt + σ(t)dW(t), where µ(t), σ (t) and W(t) are the drift, volatility and standard Brownian motion respectively. The μ(t) and σ(t) may be time-varying but are assumed to be independent of dW(t). The changes of logarithmic price is defined as the continuously compounded intraday returns of day t with sampling frequency N as r t,j = 100 ln P t,j − ln P t,j−1 , a with j = 1, …, N − 1. In another form,
The quadratic variation process for a sequence of partitions when N approaches infinity is equivalent to the integrated variance
Under this condition, the integrated variance can be consistently estimated by the Realized Volatility (Andersen and Bollerslev 1998),
. For jump-robust estimators, Andersen et al. (2012) proposed minimum (minRV) and median (medRV) operators using the nearest neighbour truncation (NTT) approach to estimate the integrated volatility:
For i.i.d block of returns, the scaling factors ensure that each of the estimators provides an unbiased estimate of the underlying latent volatility. Since the block size is considerably small (minRV with blocks of two returns and MedRV with blocks of three returns), therefore they are still asymptotically valid. However, if the block size increases to a wider interval, the iid assumption become harder to maintain. The minimum realized volatility (minRV) eliminates a jump for a given block of two consecutive returns and compute based on the adjacent diffusive returns whereas the median realized volatility (medRV) uses the median operator to square the median of three consecutive absolute returns. Under the presence jump, these endogenous adaptive truncation volatility estimators have better theoretical efficiency properties and better finite-sample robustness than RV. In this specific study, the standard 5-min interval data are used to avoid microstructure noise issue. The impact of market microstructure noise can be further analyzed using the higher frequency data such as 1-or 2-min interval.
The heavy-tailed HAR-GARCH model with structural break
In order to identify the breakpoints in the long-run level of volatility representations, we have selected the Bai-Perron sequential procedures (Bai and Perron 2003) in the full empirical sample. Assume that there are m-breaks with respective location k j , where j = 1, 2, . . . , m, the detection is based on the ordinary least squared standard HAR model:
where ǫ t is the error. The detection procedure begins with the full sample under the parameter consistency test. When the test rejects the null hypothesis of consistency, the first breakpoint is determined and the full sample is divided into two samples. After
that repeat the consistency test in each of the sub-samples as a test of the alternative of m + 1 = 2 versus the null hypothesis of m = 1 breaks. Terminate the procedures until all of the sub-samples do not reject the null hypothesis. When the number (m) and location (k j ) of breaks have been identified, a dummy variable will included in both the intercept (level) and slope (heterogeneous components). The additional impact of the breaks can be measured by the estimated μ with its respective component. In this specific study, we begin with the maximum number of breakpoints as five. However, we only found one breakpoint (refer to Table 2) with significant impact to the volatility level and slope parameters in this study. After the sequential breakpoints have been identified, the heavy-tailed HAR-GARCH(1,1) model under the structural break can be written as:
ln(medRV
with the GARCH specifications:
where i = 1, 2, 3 denotes the volatility representation for RV, minRV and medRV. The dummy variable is defined as DUM k = 1 if the observation falls on breakpoint k and onwards whereas 0 otherwise. Based on the HAR specification, the current volatility is cascaded by previous daily, weekly and monthly volatilities and the GARCH component, σ i,t 2 can be interpreted as the volatility of RV (Corsi et al. 2008) . Due to the non-normality issue commonly observed in financial time series, we assume that the error a t follows a generalized error distribution (Nelson 1991) under the maximum likelihood estimation with the density function for both the models as follows:
where Γ[·] is the gamma function and =
with v < 2 for heavier tail as compared to normal distribution v = 2. Using the Ox-G@RCH, the estimations are conducted using the maximum likelihood by the Broyden, Fletcher, Goldfarb and Shanno (BFGS) unconstrained optimization method. Overall, the vector parameters to be estimated for HAR are �(θ , α, v) where
For model diagnostic, the Ljung-Box serial correlations are used to examine the standardized and squared standardized residuals under the null hypothesis of uncorrelated series. Next, the model selections are based on the Akaike information criterion AIC = −2
and Hannan-Quinn information criterion IC = −2
T which are evaluated from the adjusted (penalty function due to additional number estimated parameters) average log likelihood function (L T ). After the in-sample forecast evaluation, the out-of-sample forecast evaluations is based on I-1-day ahead forecast where h = 1, 2, . . . , H with H fixed to 230. In order to evaluate the best out-of-sample forecast, we have selected root mean squared error (RMSE), mean absolute error (MAE), mean absolute percentage error (MAPE) and Theil inequality coefficient (TIC) to indicate the power of predictability. In this study, we follow the robustness definition by Patton (2011) where the model ranking should be consistent no matter what types of proxies are being used as actual values in the forecast evaluations. In order to obtain a fair and objective forecast evaluation, we alternately use the RV, minRV and medRV as the proxy of actual volatility in all the three measurements. A simple scoring scheme is used to accumulate their scores and then rank them accordingly.
Result and discussion
For empirical study, we have selected the DAX index using the Bloomberg database started from 1st February 2008 until 27th February 2015 with a total of 1799 observations. For high frequency data, we have selected the 5-min data to reduce the
. Chin et al. SpringerPlus (2016) Table 1 and Fig. 1 show that all the series are statistically deviated from normal distribution. Therefore, a non-Gaussian distributed innovation should be considered in the model specification. For break point identification, initially we pre-specified five (5) breakpoints. After the detections, only two of the coefficients of dummy variables are significantly different from zero in the HAR models. Table 2 indicates the sequential F-statistics and their respective locations for each volatility representations.
Estimation results
Tables 3, 4 and 5 report the estimation results for standard HAR-GARCH(1,1)-Normal, structural break HAR-GARCH(1,1)-Normal and structural break HAR-GARCH(1,1)-GED for RV, minRV and medRV respectively. These various models allow us to verify the advantages of including the structural break in the HAR and GARCH specifications. As indicated in Table 5 , all the tail indexes for generalized error distribution (GED) are less than 2 which suggested that the innovations of volatility are fat-tailed. For HAR specification, the results shows that the heterogeneous autoregressive components (θ day , θ week and θ month ) for daily, weekly and monthly volatilities are all significantly different from zero at 5 % level of significance. Thus, this findings support heterogeneous market hypothesis (HMH) where the markets are constructed by heterogeneous market participants with different time horizon of investments. The past weekly volatility contributes strongest impact to the current daily volatility, follows by daily and monthly. For the structural break impact, all the models indicated significant levelbreak effect at 5 % level for the long run volatility. For instance, the long-run volatility (θ C1 = − 0.593806) for the structural break HAR-GARCH(1,1)-GED model (Table 5) obtained an additional impact (θ jump,C1 = −1.219960) under the presence of break. Besides the long-run volatility level, we also assume that the break is going to influence the heterogeneous components as well. In Tables 4 and 5 , the empirical results show that only the minRV and medRV models for lag one daily heterogeneous components are affected by the presence of structural break. These empirical outcomes are acceptable since the financial markets often react (selling or buying activities) by the highly speculated market information (e.g. financial crisis, monetary policy changes, etc.) within a day. However, the market news after a week or a month normally have smaller impact to the market movements. As a comparison, the structural break HAR-GARCH-GED model outperformed the rest of the models based on the three information criterion with the lowest results. Among the two NTT estimators, medRV performs better than its counterpart, the minRV. For diagnostic part, all the models failed to reject the Ljung-Box serial correlations for standardized innovations. As a summary, the HAR-GARCH(1,1)-GED is the most preferable model compared to others in the estimation. However, there is no guarantee this result will persist in the out-of-sample forecast evaluations due to other factors (Hong et al. 2004 ). 
Forecast evaluations
The out-of-sample consists of 230 one-ahead forecasts with the latent volatility is represented alternately by logRV, logminRV and logmedRV. This is to avoid the biasness issue of using only one actual volatility representations. Using the dynamic forecast approach, the estimated parameters will be used for the next one-day-ahead forecast. Table 6 and Fig. 2 reported the forecast evaluations for RMSE, MAE, MAPE and TIC for all the models. In general, the forecast evaluations can be examined in two aspects. First the type of actual volatility used in the forecast evaluations and second, the type of models based on the volatility representations, RV, minRV and medRV. For the first scenario, the forecast performances are in favor on the type of actual volatility used. For instance, when the logRV is used as the actual volatility, all the three models under logRV representation perform the best with mixture of normal and GED models. On the other hand, logminRV and logmedRV perform almost the same with the largest percentage error 17 % as compared to the best logRV models. When the actual forecasts shift to logminRV and logmedRV, the logminRV models show the best forecast evaluations, follow by logmedRV models and lastly the logRV models. It is worth to note that the logmedRV models only indicate 1-2 % of error as compared to logminRV whereas the logRV models show approximately 35 % error from the same actual forecasts using logminRV. The larger deviation of model logRV as compared to the other two NTT models may contribute from the nature of the noisiness which does not smoothen by the minimum and median operators. For the second scenario, the Jump-HAR(minRV) models with the normality assumption seem to perform better as compared to the GED assumption. However, it is worth noting that the performances for logminRV and logmedRV are very close with the deviation of 1-2 % of deviation from the best perform model.
Summary and conclusion
This study combines two approaches to deal with structural breaks in the high frequency volatility modelling. Firstly, the structural break component is included in the HAR model and then secondly, using the jump-robust nearest neighbor truncation volatility estimators. Using these approaches, the proposed modified HAR model in general performs better than its standard form in both the in-sample and out-of-sample forecast evaluations. It is also worth noting that the forecast performances are also influence by the selected actual volatility in the forecast evaluations. In summary, this study provides valuable information to risk management and investment portfolio analysis where some of the finance applications such as value-at-risk can be determined directly from the volatility forecast results.
